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The Law of Tangents

Most geometry and pre-cal culus books have entire units devoted to learning about two of the most
important formulas in mathematics: the law of sines and the law of cosines. Both of these are very useful
and very powerful tools, as they can be used to find unknown angles and sides of triangles. Y et, these
books rarely devote anything to another formulathat is equally powerful and useful: the law of tangents.
The law of tangents can be used whenever two sides and one of the opposite angles are known. It can
also be used when two angles and one of their opposite sides are known.

The law of tangents:
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There are many different ways that the law of tangents may be derived. The following demonstrates one
way this can be done.

First, let there be a circle with aradius of one unit (in geometry terms, thisis called a unit circle) and let
it be superimposed onto a Cartesian coordinate plane, where the center of the unit circleis at the origin.
L et there also be two points defined on the circle, called A and B, where point A .point B. Since the

points are located on the unit circle, the coordinates of the points can be defined as A(cos . , Sin - ) and
B(cos s sin ﬁ)' The distance between these two points can then be determined by using the distance

formula

AR = (cnsaf — cnsﬁ)z + (sinﬂr — sinﬁ)2

AB* = (cos:‘ o — 2cose cos 74 cos ﬁ) + (Siﬂ2 - 2zsna sin d+ sin” ,.!‘j':l
AB* = [sin® & + cos® crj+ (sin2 a4+ cos” ,.!5':]— 2(::1359: cos T+ sina Sinﬁ)
AR =2 - Etcnsaf cos 1+ sine sinﬁ)

Next, let the unit circle, and all of the points on it, be rotated, such that point B is at the coordinates
B(1,0). Thisthen makes the coordinates of point A be A(coss, sins), for s= . - & The value of swill be

substituted in later. The distance between these two points can be defined as:
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= (coss - :] [siﬂs—ﬂ):g
AB* = I:c-:-s s— 2cozs+ 1:I+ sin® &

AB® = (Siﬂ2 5+ cos .‘:'-'jl— 2coss+ 1

P
I:I:Ib\_'l
I

2-2coss
AB* = 2-2cosa - §)
Since both of the final statements are equal, they can be made equal to each other:
2 - Ecﬂs(cx - ,eﬁ') =2- Etcnsaf cosf1+ sine sinﬁ')
— Ecﬂs(ﬂ: — ﬁ) = —Elicn:rsc: cos 74 singo sinﬁ)
CDS(EE - ﬁ') = cosa cos 1 + sina sin 7

This formula can be used to find the difference between two numbers within a cosine function. In order
to obtain the law of tangents, though, the sum and difference formulas for sines are needed. Fortunately,
the difference formulafor cosines can be used to create these two functions. First, recall the co-function
identities for sSines and cosines:

T T
sin & = cns[—— 5'] and cosd = sin[—— 5']
2 2

These two co-function identities can be used with the difference formulafor cosines to create the
addition formulafor sines:

_ K 1
sm(r:r + ,.!fi':l = cns_g— (L‘f + ﬁ)J

[ = ]
sin(ﬂ: +,.!5':I: cos E_ Erj —ﬁJ

(5] <o) el 5o comp v anl5 - o)
1:05{2—5: —ﬁ—cugg—ﬂr cosﬁ+51n2—a sin J

sin(r:r + ,.!fi':l = zing cosf + cose sin 7

To create the difference formulafor sines, & was replaced by - a0
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sin|a + (- f)| = sina cos(- §)+ cosa sin(- §)
sin(a -~ §) = sina cos § - cosa sin §

Adding and subtracting the sum and difference formulas for sines yields the following:

sin(c + §) + sin(e - §) = 2sine cos §
sin(a + ) - sin[a - §) = 2 cosa sin §

In order to continue simplifying the pair of equations, the variables will need to be replaced. . + 4 will
be represented by A, and - & will be represented by B. Using some algebraic skills, it can be shown

that » will be represented by ..-1;3 and Vi will be represented by % . Substituting these into the

previous pair of equations yields the following:

sin A+ sin B = 2 sin[42) cos[ 452)

sin A- gin B = 2 sin(%2) cos[ 2£2)

Now that these equations are in an easier form to work with, the first equation will be divided by the
second. Thiswill produce two proportions, as demonstrated in the following:

sin A+ smm B 2 sin(%) ECFSI:A:T_B:'

zin A - sin B ) 2 cosli%jlsinlzﬂ;—ﬂjl

cin g

With this equation, the right side can be ssmplified by recalling that ¢ — tan 4 . The left side, on the
other hand, has to be simplified by using the law of sines:

zin A sin S s

e b e

When the first part of the law of sinesis rewritten, it can then be used in the left side of the equation.

a1n A sin S

e b
) @ sin 5
zin A =
b
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Finally, both sides of the equation can be rewritten and further simplified to derive the law of tangents:

IiﬂsmE:H 2111 .E-’

..ti—.ﬁ'jl

- A+ 5
5111~ Cosl

IIET‘F)— S111 B

2 sin B4+ E:-sin.E-’

)
cosl <57 lainl =5

i sin S - bSin.E-’

[.:z + b:l g1 5
(2 — b)sin B

a+ b

= tan(

sinf <3°
cod 45°

tanlz%

r.'I—JE_?' A-5

tanICT

..-i+£"jl
= )
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